In this paper, we study natural numbers m with uz±1 ≡ −1 (m) for a z ∈ N, where un is the nth Fibonacci number. Furthermore, we want to show for m ∈ N \ {0, 1}:
Preliminary considerations
By N, we denote the set of natural numbers including zero and by P the set of all primes. Let (u n ) n∈N be the Fibonacci sequence with u 0 := 0, u 1 := 1 and u n := u n−1 + u n−2 for n ≥ 2 and let u −1 := u 1 − u 0 = 1. This gives us the following lemma, which can be proven by complete induction.
Lemma 0.1. (cf. [1, 2.1 (i)]) Let P := 0 1 1 1 . Then P n = u n−1 u n u n u n+1 for n ∈ N.
We write Z m for the set {0, 1, ..., m − 1} provided with the usual addition and multiplication modulo m. We note that Z m is a ring and for prime numbers even a field (cf. [1, S.1]). We call γ(m) the period of m if γ(m) is the smallest positive number l with u l ≡ 0 (m) and u l+1 ≡ 1 (m) or equivalent: P l is the identity matrix over the ring Z m (cf. [1, S.4] ). Thus, γ(m) is the order of P considered as an element in the finite group GL 2 (Z m ) of the invertible (2×2)-matrices with entries in Z m . Let υ(m) be the number of zeros in (u i mod m) i∈{0,...,γ(m)−1} (cf. [1, S.6] ). Furthermore, we denote by α(m) the smallest positive number z with u z ≡ 0 (m) (cf. [4, C(2+3)]). Therefore, lemma 0.4 is understandable, whereby here only (v) is proven.
Lemma 0.4. The following holds:
(iv) υ(m) ∈ {1, 2, 4} (cf. [4, C(9)]).
(v) υ(p e ) = υ(p) for p ∈ P \ {2} (cf. [4, E(1)]).
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Proof. (of (v)) From "p | u k ⇒ α(p) | k" follows α(p) | α(p e ) ⇔ 1 even υ(p e ) | υ(p) (or υ(p e ) ≤ υ(p)). Conversely is υ(p e ) ≥ υ(p), which follows for υ(p) = 1 from (iv), for υ(p) = 2 from p e | u γ(p e ) = (i)
0 (p) and for υ(p) = 4 similar to υ(p) = 2.
Good numbers
In this section, let p = 2 be a prime number and r i=1 p e i i the (except for the order of the factors) unique prime factorization of m ≥ 2. We call m ∈ N a good number if P γ(m) 2 = −Id in Z m . Furthermore, m is a prime number, we call m a good prime (cf. [1, S.5] ). We note that m = 2 k · n with k ≥ 1 and odd n is
In the following, therefore m is odd.
Theorem 1.1. p e is a good number if and only if p is a good prime.
Proof. We show "p e is a good number ⇔ υ(p e ) ∈ {2, 4}", from which the assertion results by lemma 0.4 (v). From υ(p e ) ∈ {2, 4} and lemma 0.4 (iv), follows υ(p e ) = 1 and thus u γ(p e ) 2 ≡ 0 (p e ) (this shows "⇒").
The other direction follows from Id = P γ(p e ) 2 2 = (r · Id) 2 in Z p e which implies r 2 ≡ 1 (p e ) and thus
Thus, we can show the main theorem of this chapter, which provides a criterion for classifying odd natural numbers into good and not good numbers. Proof. If m is good,
On the other hand, from the goodness of all p i follows the goodness of all p e i i (cf. theorem 1.1) and thus
. From the Chinese Remainder theorem, it follows that u γ(m)
and considering u k·γ(p e i i )+1 ≡ 1 (p e i i ), equivalent to the oddness of all a i . Accordingly, we have to show:
Then
is even (this shows "⇒"). On the other hand, it follows from
The theorem proven above allows links between the υ(p i ) and the classification of a natural number as a good number. Therefore, we need the following lemma, where 2 n || γ(p) means that 2 n | γ(p) and k ≤ n holds for all k ∈ N with 2 k | γ(p). (ii) From υ(p) = 1 follows 2 || γ(p).
(iii) From υ(p) = 2 follows 2 3 | γ(p).
(iv) From υ(p) = 4 follows 2 2 || γ(p).
Proof.
(ii) The proof of theorem 1.1 shows that only primes p with υ(p) = 1 are not good. Since γ(p) is even, the assertion follows from (i).
in contradiction to υ(p) = 2. Therefore, γ(p) 4 is even.
(iv) Suppose that γ := γ(p) 4 is even. Subsequently, from u γ ≡ 0 (p) and u 2γ+1 ≡ −1 (p) follows At the end of this section, we want to show υ(m) = υ(p 1 ) for good numbers m. For this purpose, we need the following theorem, which makes a statement about υ(m) of odd natural numbers m:
Proof. We have u k ≡ 0 (m) ⇔ [∀i = 1, ..., r :
Let γ(p e i i ) = 2 k i · h i with odd h i . Together with theorem 0.3 and lemma 0.4 (v), we obtain
where 2 k i υ(p i ) ∈ N holds due to υ(p i ) ∈ {1, 2, 4} (cf. Lemma 0.4 (iv)). From this, the assertion follows by lemma 1.3 (ii)-(iv) and a study of the cases "[∀i : υ(p i ) = 2] ∧ [∃l 1 , l 2 : υ(p l 1 ) = 1 ∧ υ(p l 2 ) = 4]", "∃l : υ(p l ) = 2" and "∀i : υ(p i ) = υ(p 1 )".
The statement "υ(m) = υ(p 1 ) for good numbers m" now follows directly from corollary 1.4 (ii).
Wall-Sun-Sun primes
We call a prime number p a Wall-Sun-Sun prime if p 2 | u p−( p 5 ) or equivalently p 2 | u γ(p) , where p 5 is the Legendre symbol of 5 and p. So far (as of November 2015), no such primes have been found (cf. [6] ). In this section, we want to show that the non-existence of Wall-Sun-Sun primes is equivalent to the statement that for m ∈ N \ {0, 1} the property "m 2 | u γ(m) " is only true for m = 6 and m = 12. Only the direction "⇒" is not trivial. Therefore, let m = 2 k · n ≥ 2 with k, n ∈ N and odd n, with which the cases "k = 0 and n ≥ 3" (cf. lemma 2.1 und 2.2), "n = 1" (cf. lemma 2.3) and "k ≥ 1 and n ≥ 3" (cf. theorem 2.4) must be studied.
(ii) The cases a = 0, a = 1 and n = 1 are trivial. Let a, n ≥ 2. By (i) and n l | n k | u γ(n k ) and thereby p 2k ∤ u γ(p k ) . Now we are able to prove lemma 2.2. Together with lemma 2.3, it will emerge that m must be an even number, which is not represented by a power of two, to satisfy m 2 | u γ(m) based on the condition that no Wall-Sun-Sun primes exists. 
. It is γ(5) = 20 and 5 = p ∈ P 1∪ P 2 with P j := {p : γ(p) | j(p + (−1) j )} (vgl. [1, 2.3] ) and thus
whereby m = 5 in contradiction to 5 2 ∤ u γ(5) follows.
Proof. The case k = 1 is immediately apparent. For k ≥ 2 holds
and due to k ≥ 3 also 2 2k ∤ u γ(2 k ) .
In the proof we showed that 2 k+1 | u γ(2 k ) and 2 k+2 ∤ u γ(2 k ) for k ≥ 2, which leads together with γ(2 k ) = 2 k−1 · γ(2) to 2 = υ(2 e ) = υ(2) = 1 for e ≥ 3. Therefore, lemma 0.4 (v) holds only for primes p = 2. The conclusion of this paper is the proof of the following theorem. Proof. The direction "⇐" is trivial. Due to lemma 2.2 and 2.3, we only need to examine numbers m = 2 k · n with k ≥ 1 and odd n ≥ 3. Due to gcd(2 k , n) = 1, we obtain by theorem 0.3 γ(m) = lcm(γ(2 k ), γ(n)). In the following, let h 1 := n and h 2 := 2 k . Suppose m 2 = h 2 1 · h 2 2 | u γ(m) . Then h 2 j | u γ(m) , whereby together with u γ(h j ) | u γ(m) and j 2 · h |(−1) j j−1| j ∤ u γ(h j ) (cf. for h 1 lemma 2.2 and for h 2 the proof of lemma 2.3) 
